We propose a new way of looking at global optimization of off-lattice protein models.
I. INTRODUCTION
We recently introduced the hidden-force algorithm (HFA), a global Monte Carlo optimization method and used it to predict low-energy binary Lennard-Jones (BLJ) cluster configurations [1] . In this communication, we apply HFA to find the optimal fold of simple protein models. Further, we also find the protein sequence that yields the lowest energy fold amongst all sequences for a given chain length and residue mixture. In particular, we study protein AB (PAB) models [2, 3] . These have close similarity to BLJ models. Despite their minimalism, PAB models mimic a basic feature of protein folding-the formation of a hydrophobic core. Similar to BLJ models PAB models consist of only two types of residues, denoted A and B. The interaction energy between two A residues (AA interaction) is twice as strong as AB or BB interactions to promote core formation. The interaction potential has a pseudo Lennard-Jones form and the total potential energy includes angle-bending and torsion terms to account for local interactions. Historically, PAB models use a Fibonacci series sequence protein with chain lengths of 13, 21, 34, 55, and 89 [4, 5] . At first, we revisit the Fibonacci sequences and find that much lower energy folds exist than previously reported.
Moreover, the new putative global minima show topological features qualitatively different from real proteins. The new low-energy folds are deeply knotted indicative of a flaw in the PAB model. Simplifying the local interaction terms introduced to extend the PAB model to three dimensions [3] , we obtain new realistic low-energy folds without knots. Using this simplified potential we use HFA optimization to find non-Fibonacci sequences that fold into still lower energy structures with more compact cores comprised of A residues.
II. MODEL AND ALGORITHMIC DETAILS
PAB models are one of the minimalist protein models [6] . We used the model by Irbäck et. al [3] , a well-studied three-dimensional extension of the original two-dimensional PAB model by Stillinger et. al [2] . In this model proteins consist of two types of residues, A and B. .
Eq. 1
The first two sums represent local interactions as angle-bending or torsion energies, involving three or four consecutive Cα atoms, respectively. The last double sum is a pseudo Lennard-Jones (LJ) potential representing long-range interactions. N is the number of residues, r ij is the distance between two residues, ε(σ i , σ j ) is the residue pair-specific LJ well-minimum depth, and κ 1 and κ 2 are empirical parameters determined by Monte Carlo simulations to reproduce qualitatively Cα angle and torsion distributions of proteins in the Protein Data Bank (PDB) [3] . We used κ 1 = -1 and κ 2 = 0.5. ε(σ i , σ j ) favor the formation of a core of A residues analogous to the hydrophobic core of real proteins: ε(A, A) = 1 and ε(A, B) = ε(B, B) = 0.5. LJ interactions between adjacent residues are excluded. In lieu of constraints we add strong harmonic distance terms to keep Cα-Cα bond lengths at unity and flat-bottom angle-bending terms to disallow near linear Cα-Cα-Cα bond angles (within two degrees). Linear bond angles cause a catastrophic physical divergence in the torsion term of the PAB model.
The hidden-force algorithm [1] exploits that, though the gradient components of an additive potential sum to zero at a local minimum, each component's magnitude is generally nonzero. Disrupting this network of opposing forces (negative of the gradient) can result in the collective rearrangement of cluster atoms. Using a tug-of-war analogy to describe the basic HFA move, some players (atoms) simultaneously drop their ropes (drop their contributions to the potential). The remaining players then rearrange due to their net nonzero tugging and reach a partial impasse. Then the dropouts resume tugging until a new total impasse is achieved. There is no guarantee that the resulting cluster configuration will be lower in energy than the starting configuration, but we found HFA to be an exceptionally successful move set in a Monte Carlo cluster minimization. HFA trial configurations are highly dependent on the starting configurations since the moves are driven by forces already present-making the HFA Monte
Carlo search non-Markovian.
Algorithmically, PAB models can be treated similar to BLJ clusters with slightly different LJ terms and additional geometric constraints favoring protein like chains. We used the same algorithm and software described in detail in [1] with two notable differences: (1) when the basic HFA move is applied to a given local minimum-energy configuration, only the pseudo LJ terms are dropped; the remaining terms stay in effect to preserve the chain geometry. (2) Single or multiple mutations are utilized by swapping the types of randomly selected residues rather than flipping the type of a single residue at a time, in order to keep the composition fixed while varying the sequence. A BLJ cluster of fixed size is fully determined by its A/B composition, but PAB models also depend on the sequence of the residues. Therefore, while swapping A and B particles in a BLJ cluster will not change its identity, swapping A and B residues in a PAB protein will be a mutation. Further, in [1] , we found the optimal A/B composition of a BLJ cluster of fixed size with lowest energy. For PAB models, the optimal A/B composition is trivial, a sequence of all A residues (AA interactions are stronger than AB or BB interactions). The more interesting and challenging mutation study we carry out keeps the A/B composition fixed and optimizes over sequences to find the lowest energy fold.
III. RESULTS AND DISCUSSION
To test HFA against existing optimization methods for PAB models, we run HFA searches on Fibonacci sequences in Table I and compare with putative global minimum-energy folds in [4, 5] . [7, 8] , however, this level of knot formation cannot be found in the PDB [9] . With κ 1 = -1 and κ 2 = 0.5 [3] , the simple cosine terms favor a 180 degree bond angle and a zero degree torsion angle. In real proteins, the bond angle distribution has a well-defined structure and bond angles strictly fall within the range of 85-145 degrees [3] . Torsion angles, on the other hand, are more uniform; there are no disallowed values.
Nevertheless, zero degree torsion angles are rare. Eq. 1 represents an additive potential and even though the PAB models will always be frustrated in three dimensions, we can expect that at or close to the global minimum many individual energy terms will be close to their minimum Ideally, more sophisticated potentials should be derived from the actual Cα bond angles and torsion angles found in the PDB via, e.g., the Boltzmann inversion method [6] . Keeping with the minimalist spirit of PAB models, however, we drop the angle-bending and torsion terms altogether, but we add a flat-bottom harmonic angle term that disallows Cα-Cα-Cα angles outside the 85-145 degree range. Using this potential we find that the Fibonacci sequences fold into globular structures with no tendency to form knots, and with a "hydrophobic" core. We then carried out sequence optimization using this potential Table II by the radius of gyration of the core (type A) residues. Table II also lists the energy drop after sequence optimization with respect to the putative global minimum energy of the Fibonacci sequence. We emphasize that while this potential is minimal, the methodology is applicable to detailed protein models, and sequence optimization may aid de novo protein design. On the left hand side the Fibonacci sequences are shown and on the right hand side the optimal folds are displayed that were found after sequence optimization. Dark balls represent type A ("hydrophobic") residues and light grey balls are type B residues. The optimal sequences, coordinates, and energies are listed in the Supplementary Material. (a1, a2) S_13, (b1, b2) S_21, (c1, c2) S_34, (d1, d2) S_55, and (e1, e2) S_89.
IV. SUMMARY AND PERSPECTIVE
In this communication, we propose a dual concept for the global optimization of offlattice protein models predicting optimal sequences as well as optimal folds. Using hidden-force
Monte Carlo optimization we find the optimal fold of simple protein models. Further, we also find the protein sequence that yields the lowest energy fold amongst all sequences for a given chain length and residue mixture. In particular, we find that with a simplified potential, binary protein AB models fold into globular, compact structures with no tendency to form knots, and with a "hydrophobic" core. Historically, these models use a Fibonacci series sequence protein with chain lengths of 13, 21, 34, 55, and 89. We show that sequence optimization yields nonFibonacci sequences that fold into still lower energy structures with more compact cores than the original Fibonacci sequences. We emphasize that while this is a minimalist protein model, the methodology is applicable to detailed protein models, and sequence optimization may yield novel folds and aid de novo protein design. Sequence optimization also hints at a hypothesis regarding the evolution of proteins. The number of different proteins manifest in nature is minuscule in view of the total number of potential sequences. The success of sequence optimization suggests that sequences affording stable folds can be pre-selected solely by minimizing their free energy. Protein sequences for specific protein functions could, then, evolve in finite time probing all the stable folds, rather than all possible sequences. Our current research is focusing on multi-scale protein modeling and molecular dynamics simulations to bring sequence optimization to the all atom level.
Supplementary Material
Description:
List of coordinates, sequences, and energies of putative global minimum folds of PAB models. 
